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Abstract—This paper presents a theoretical and experimental investigation of the laminar steady 2D-

mixing flow in a junction. The numerical method developed by Gosman et al. has been applied to derive

velocities and temperatures profiles in the mixing zone. The effects of the angle between the two branches

of the junction and the air-flow rate upon the structure flow are analysed, for both forced and mixed

convection cases. The experimental procedure is based upon a flow visualization technique and L.D.V.

velocity measurements: a reasonably good agreement between theoretical and experimental results is
found.

1. INTRODUCTION

BECAUSE OF its biochemical applications such as the
study of blood flow in human vessels and engineering
applications such as ventilation systems, the inter-
action of two forced flows in a junction has been
the subject of a few works in the past 20 years. As
summarized in refs. [1, 2], several flow configurations
are possible, but most of the published reports treat
tee junctions and dividing flows.

Some numerical investigations have been devoted
to this problem " Blowers [3] examined the case of
two-dimensional mixing and dividing flows in a tee
junction whereas Pollard [2] treated the three-dimen-
sional case for both laminar and turbulent flows. Some
authors such as Bramley and Sloan [4] have studied
the effect of the angle between the two branches of the

junction for a two-dimensional laminar dividing flow. .

In this paper, the size of the recirculating zones which
develop downstream of the junction was investigated.
More recently, Hayes and Nandakumar [5] have
undertaken a study of the mixed convection in a ver-
tical planar tee branch. This work is also devoted to
the dividing flow case and the results show the influ-
ence of the Reynolds and Grashof numbers on the
structure flow.

From an experimental point of view, the dividing
forced flow case has been studied by many inves-
tigators because of its biomechanical applications (see
for example refs. [6, 7]). In these studies, only the struc-

ture flow is investigated. For the mixing flow case,
Karino et al. [8] have performed a flow visualization
in order to show how the two streams interact whereas
Sparrow and Kemink [9] and Kawashima [10] mea-
sured the local Nusselt number downstream the mix-
ing region. They found a substantial increasing of the
heat transfer coefficient in this region.

For the problem of mixing flow and low velocities
(laminar flow), the free convective effects cannot be
neglected when a constant heat flux is specified on the
walls of the mixing zone, the temperature of the fluid
in the two entrance zones being the same. Except for
a first approach by the present authors [11], a survey
of the literature shows that free and forced convection
heat transfer with mixing flows in branching systems
has not yet been studied. This is the subject of this
paper in which the theoretical analysis allows us to
show the effects of the air-flow rate and the angle
between the two branches of the junction upon the
structure flow, for both forced and mixed convection
cases. An experimental procedure based upon a flow
visualization technique and L.D.V. velocity measure-
ments provides a comparison with these theoretical
results.

2. PROBLEM STATEMENT AND GOVERNING
EQUATIONS

The physical model is shown in Fig. 1: the fluid is
introduced through branches .! and 2, respectively,
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NOMENCLATURE

a thermal diffusivity of the fluid [m? s~ '] v Oy velocity component [m s™']
g gravitational acceleration [m s x,y  dimensional coordinates [m]
H height of the exit branch (along y axis) X,Y dimensionless coordinates.

[m]
K ratio : (air flow rate in branch 2)/

(air flow rate in branch 1)
p pressure [N m™?] Greek symbols
Pr Prandt! number o angle between the two inlet branches
q intensity of the wall heat flux (mixed [’

convection case) [W m~?] B coefficient of thermal expansion [K ']
Re Reynolds number 0 dimensionless temperature

Ri Richardson number

T temperature of the fluid [K]

Ty temperature of the fluid on sections AB
and GH (Fig. 1) [K]

AT  difference (T—T,) [K]
u Ox velocity component [m s~ ']
U, mean velocity in the exit branch

[ms™']

p_ Y

thermal conductivity of the fluid
Wm™' K™}

kinematic viscosity of the fluid [m s~
density of the fluid [kg m~?]

stream function [m? s~ ']
dimensionless stream function
vorticity [t™!]

dimensionless vorticity.

veEe™ =

before interacting and exiting through the main
branch 3. The cross-section of the inlet branches is
S/2 and the angle between them, noted «, may vary
from 1 to 90°. Boundary conditions are fixed by
assuming a fully developed flow in the inlet and outlet
sections (AB, HG and DE, respectively). The length
of the exit branch, CE, is deduced in order to verify
this assumption and its cross-section is S, so that the
mean velocity remains constant. The walls of the junc-
tion may be subjected to various thermal conditions
which will be developed later. Consideration is given
to a steady laminar two-dimensional flow with con-
stant physical properties, except for the density changes

A B

which are modelled according to the Boussinesq
approximation. Experiments showed that two-dimen-
sionality is a good assumption if the distance between
lateral walls of the channel is rather high. This
assumption also allows to make some comparisons
with previous published numerical results for some
limiting cases. It can be noticed that there are many
industrial codes that can handle this problem.
However, these codes need a computer with very large
memory capacities and such a computer was not avail-
able in our laboratory, so that it was necessary to
perform a specific numerical procedure. A Cartesian
coordinates system was chosen with » and v denoting

H G

F1G. 1. Physical model and definition of the coordinates system.
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the velocity components along Ox and Oy directions,
respectively. Under the above assumptions, the con-
tinuity, Navier—Stokes and energy equations are:

ou ov
—+@ 0, 1)
ou  Ou u  Pu\ 1dp
u5;+v@—v<gg+g)—;a, )
v v v\ 1dp
ua+v$—v<é;+‘a‘)7>—;—+ gpAT, (3)

6T+ T (62T+ o*T ) @
U—tv5—= ,

ox oy ax? 0’

where T is the temperature, p the pressure, p the den-
sity and f the coefficient of thermal expansion, v and
a being the kinematic viscosity and the thermal diffu-
sivity of the fluid. By introducing the stream function
¢ and the vorticity w, we get:

8* d?
9,70 ., )
ax*  oy?
0¢ b I dw _ o Fo AT
dy éx  ox oy (6x2 + oy° )+ e ox’ ©
0p T d¢ OT 62T 02
with :
_% __% __ou
“_ay VT T YT oy’ ®)

Let us now introduce the following dimensionless
quantities :

L A LI VL
X=f Y=3 U= V=
) wH JAT
= Q=" 9="1
¥ UoH A i’ 9

H, U, and 4 being defined in the nomenclature. Equa-
tions (5)—(7) become :

Py By
— +—=-Q, 10
ox* 2y’ (1
W oy [(FQ FDN L0
3Yax axay  Re\ax: art) T Vax )
Moo o6 1 (00 TN .
dY 38X 08X Y RePr\px? ayl’ (12

where Re, Pr and Ri are the Reynolds, the Prandt!
and the Richardson numbers that are defined as:

2

gbaH
AU

UoH v

Re = Pr=—-
a

Ri= (13)

The boundary conditions are written by assuming
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a fully-developed laminar flow and therefore a para-
bolic velocity profile at the entrance sections AB and
GH where the temperature of the fluid is known. At
the exit section (DE), the derivatives of T, y and Q
with respect of X vanish because the flow is again fully
developed, as pointed out in our assumptions. The
no-slip condition is used on the walls and a constant
heat flux ¢ may be specified on the walls of the mixing
zone. When no heat flux occurs, the walls are assumed
to be adiabatic. We thus have :

(i) For the stream function y :
on AB:
2

X
¥ = 1y sin’ @[6~8Xsin (),

(14)

where K denotes the ratio between the air flow-rate in
branch 2 and the air flow-rate in branch 1:

on GH:

LS sin? (a)[6 — 8. X sin (a)],

V= K+1 (15
on BCD:
=3 @ ysin@), 16
Kl — sin (a (16)
on EFG:
Ksin? () )
V= _T}—_I—B_szm(a)]’ 17
on AH:
v =0, (18)
on DE:
g
X 0. (19)
(ii) For the vorticity :
on AB:
24 .
Q=— —m [1 —4Xsin (a)], (20)
on GH:
' 24K .
= m[l—4Xsm (2)], 20
on DE:
Q
Fan 0. 22)

On the walls, Q is numerically approximated by
using the Woods method [12]: if M denotes a point
of the wall, n and P being, respectively, the normal
from the wall and a point that belongs to this normal,
the vorticity at point M is:



FiG. 2. Effect of the vorticity formulation on the shape of
the recirculating zone near the corner : comparison between
solutions proposed by Roache [13].
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z 2
Qum O 3 Qe+ O(n°) (23)

where dn is the distance MP. A better approximation
is obtained by choosing a second point, R, located at
the distance dm from the point M (with dm > dn).
However, this may induce numerical instabilities as
shown by Blowers {3]. The distances dn and dm also
have an effect upon the convergence {12].

More difficulties are encountered for calculating Q
on the corners (i.c. on points C and F) because the
vorticity becomes higher and higher near these points.
For solving this problem, the seven methods proposed
by Roache [13] have been tested with the following
values: Re = 500, K = 1 and x = 90°. The shape of
the streamline = 0.5, which stands for the limit of
the recirculating zone near the corner C, is shown in
Fig. 2. The seven methods are labelled as in the
Roache reference. Methods 5 and 6 are not presented
because they give Q¢ = 0 and there is no recirculating
zone downstream of the corner, which is physically
false. Method 2 (continued line) has been selected
because it is the one which gives a correct shape of the
recirculating region, as it was experimentally
observed. This method consists in calculating the vor-
ticity from the two points P, and P, (Fig. 3), by means
of equation (23), and then adding them.

(iif) For the temperatures, we have 8 = 0 on sections
AB and GH. If the walls are adiabatic, then we set
0y = Op. If a wall heat flux g is specified, the dimen-
sionless thermal boundary condition is:

i 24)

Finally, on DE we have:

J.C.Rovetal

FiG. 3. Determination of the vorticity on the corners (point

CorF).
00
o 0. (25)

3. NUMERICAL METHOD

For solving equations (10)-(12) subjected to the
boundary conditions (14)—(25), the finite difference
procedure of Gosman et al. {14] (upwind difference
technic) has been applied. Note that the choice of the
Cartesian coordinate system allows to remain
unchanged the grid system in the exit branch, which
facilitates the comparison between all the results.
Examples of grid systems are shown in Figs. 4 and
5 for o = 45 and « = 90°, respectively. For saving
accuracy of the results, a greater grid density is speci-
fied near the walls and in the mixing region. As noted
above, the derivatives of 6, y and Q with respect of X'
must vanish at the section DE: this condition was
used to calculate the length of the main branch so that
this length did not affect the results.

The discretized equations were solved with the
Gauss—Seidel method. All the calculations were per-
formed with an accuracy of the solutions less than
10-3, the relaxation factor being 10~ for the vorticity
and 1 for the stream function and the temperature.
For these conditions and a Reynolds number less than
500, convergence was reached with approximately
1000 iterations. Note that results obtained for
Re > 500 are not presented in this study because
experiments showed that the flow in the exit branch
then becomes turbulent, so that the laminar flow
assumption fails.

The numerical procedure was tested by calculating
well-known flow problems such as, for instance, the
flow in a plane channel with a constant velocity field
at the entrance section : at the exit section, the flow was
again fully developed and the discrepancy between
numerical and exact solution was less than 1%. It also
should be noted that calculations were performed in
order to verify that no false diffusion occurred in the
numerical procedure.
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Fi1G. 4. Finite difference discretization for o = 45° of the interacting zone.
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FiG. S. Finite difference discretization for o = 90° of the interacting zone.

4. NUMERICAL RESULTS AND DISCUSSION

Numerical results were carried out for a Prandtl
number of 0.7 (air) with Richardson numbers varying
from 0 (pure forced convection case) to 20 (mixed
convection). The miked convection regime can result
from the heating of the junction walls. This heating
can be performed either on the surface limited by
points I and K (Fig. 1) or on the upper and lower
walls of the main branch. These two cases were chosen
because they correspond to the way by which the walls
are heated by a laser sheet during the flow visual-
ization (see Section 5) : they will be discussed in Sec-
tion 3.2. Other parameters of greatest interest are the
angle « and the ratio of inlet air flow-rates, K.

3.1. Effect of the angle a and the ratio K

We first present the results for pure forced con-
vection case (Ri = 0). Four values of « (30, 45, 60 and
90°) and four flowing configurations have been tested :

(i) Re = 100 with K = 1;
(ii) Re = 500 with K = 1;
(iii) Re = 150 with K = 2; and
(iv) Re = 300 with K = 5.

For K =1 and « less than 45°, there is no recir-
culating zone downstream of the corners (i.e. points
C and F in Fig. 1). Such a recirculating zone appears
when o and K increase. When K becomes higher, the
recirculating zone develops downstream of the corner
corresponding to the inlet branch in which the mean
velocity is higher. Figures 6 and 7 show the streamlines
for & = 60° and cases (iii) and (iv) above mentioned.
The size of the recirculating zone at the bottom of the
main branch is an increasing function of the Reynolds
number, ratio K and angle «. If follows that the flow
coming from the upper inlet branch is forced against
the wall CD and so its mean velocity increases. For
o == 90°, two others recirculating zones which are sym-
metrical with respect to the OX axis occur against the
IK section wall, which induces an acceleration of the
flow near the corners : the results obtained for « = 90°
can be found in ref. [11] and so they will not be
repeated here. In Figs. 8—11, the local velocity profiles
for two sections of the main branch (X = 2and X = 5)
are reported. These figures correspond to case (ii)
(Figs. 8 and 9) and case (iv) (Figs. 10 and 11), respec-
tively. For comparison, the Poiseuille velocity profile
resulting from the laminar flow between two parallel



1990 J.C.Rovetal

AR
\ 0.01 0.1 0.3

I

-0.01 -0 666 -0.3 -0.1

e forced convection case : streamlines for o« = 60°, Re = 150, K = 2.
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F1G. 7. Pure forced convection case : streamlines for a = 60°, Re = 300, K = 5.
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Fi1G. 8. Pure forced convection case: axial velocity profiles  Fic. 9. Pure forced convection case: axial velocity profiles
for X =2, Re = 500, K = 1. for X =15, Re =500, K= 1.
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FiG. 10. Pure forced convection case : axial velocity profiles
for X =2, Re = 300, K = 5.

plates has also been drawn in bold line on each figure.
When there is no recirculating zone, as for case (i), or
when the size of the recirculating zones is small, we
see that high values of the angle « aids the flow to be
again fully developed in the exit branch. On the other
hand, the flow becomes fully developed for higher and
higher values of X as the size of the recirculating zone
grows, as for the flow configurations (ii) and (iv).

3.2. Effect of the mixed convection

The mixed convection flow can be generated by
heating the walls of the mixing junction. Two cases
have been examined :

Case i: the section IK (see Fig. 1) is heated and all
other walls of the mixing zone are adiabatic.

Case ii: the sections CD and FE are heated and all
other walls of the mixing zone are adiabatic.

For case i, Figs. 12 and 13 show the effect of the
Richardson number (Ri=5 and Ri=20) on the
streamlines and the isotherms in the mixing zone of a

tee branch. The values of the other parameters are.

Re = 500 and K = 1. As Riincreases, the fluid coming
from the lower inlet branch moves higher and higher
along the IK section of the wall, before interacting
with the upper inlet stream and then being forced
towards the main branch. As compared to the pure
forced convection case (Ri = 0), this new structure
also has an effect upon the velocity profiles in the
mixing zone : velocities are higher in the upper part of
the main branch and smaller in the lower region,
which implies greater and smaller sizes of the recir-
culating zones, respectively. Figure 14 shows the
changing streamlines and isotherms for a lower value

1991
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F1G. 11. Pure forced convection case: axial velocity profiles
for X = 5, Re = 300, K = 5.

of the Reynolds number (Re = 100). The size of recir-
culating zones is then reduced as compared to the
previous case. Figures 15 and 16 show the mixed con-
vection structure flow for Re = 500 and a = 60 and
45°, respectively. As seen from these figures, the flow
becomes less and less disturbed when a decreases.
For o = 30°, the structure is the same as for the pure
convection case and, consequently, the corresponding
figure has not been reported here. It should be noticed
that the tested values of the wall heat flux are rather
low, according with the laminar flow assumption and
the assumed boundary conditions at the entrance sec-
tions : indeed, even for low values of «, a large wall
heat flux evidently would have a noticable effect on
the flow structure and would generate a turbulent
flow, which is not considered in this study. Finally, it
also should be noticed that the Nusselt number cannot
be defined for this case of wall heating, because of
the impossibility to define a mean temperature for
constant Y.

When the heating is applied on the two walls of the
exit branch (case ii) the main resulting effect is the
changing of the size of upper and lower recirculating
zones which, respectively, become greater and smaller
than for pure forced convection flow. For such ther-
mal conditions a Nusselt number can be defined as
follows :

1

0PX - OMX

Nux = (26)
where Opx is the dimensionless wall temperature and
Oumx is the dimensionless mean temperature at the sec-
tion X. For a fully developed flow, the theoretical
value of the Nusselt number is Nu, = 8.235 [16].
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FiG. 12. Mixed convection case (case i) : streamlines and isotherms for Ri = 5, & = 90°, Re = 500, K = 1.
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F1G. 13. Mixed convection case (case 1) : streamlines and isotherms for Ri = 20, =90°, Re = 500, K = 1.
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FiG. 14. Mixed convection case (case i) : streamlines and isotherms for Ri = 20, « = 90°, Re = 100, K = 1.
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Fi1G. 15. Mixed convection case (case i) : streamlines and isotherms for Ri = 20, o = 60°, Re = 500, K = 1.
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F1G. 16. Mixed convection case (case i) : streamlines and isotherms for Ri = 20, « = 45°, Re = 500, K = 1.
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Figures 17-20 show the modification of the flow
structure for Re = 500, Ri = 20, K = 1 and « varying
from 30 to 90°. As a increases, the size of the recir-
culating zone which occurs against the upper wall
increases whereas the lower wall’s one decreases, as
compared to the pure forced convection case. It has
been verified that this phenomenon is an increasing
function of the Richardson number. For K= 1,
Re = 100 and 500, Ri = 5 and 20, the variations of
the ratio between the local Nusselt number and Nuy
have been reported on Fig. 21 (« = 60°) and Fig. 22
(« = 90°). For each case, the values obtained on upper
and lower walls have been plotted. This ratio is equal
to unity at the exit section, which means that the flow
is again fully developed, whereas it is greater than 1
in the recirculating zone : it follows that the mixing of
the fluid increases the local heat transfer coefficient as
it was earlier mentioned by Sparrow and Kemink [9]
and Kawashima [10]. For o = 90° and for high Reyn-
olds numbers, the local heat transfer coefficient first
decreases and increases before again decreasing and
becoming equal to 1: this is an effect of the higher size
of the recirculating zones which then highly disturb
the flow.

5. EXPERIMENTAL PROCEDURE

5.1. Flow visualization

In order to validate the numerical results, a visual-
ization of the flow in the junction was performed
in order to get some qualitative comparisons. The
experimental apparatus is shown on Fig. 23: the air
comes from a compressor before being extended and
passing through two flowmeters which allow the
adjustment and measurement of the air-flow rate in
each entrance branch, the cross-section of which being
40 x 80 mm. The two flows are homogenized in tanks
and then are moved towards the mixing zone which
is made with altuglass. After interacting, the air is
extracted through the main branch. The cross-section
and length of the exit flow branch are 80 x 80 and
1000 mm, respectively. The optical apparatus for
visualizations is realized with a 3 W Argon laser source
and a spherico-cylindrical telescope [15] which allows
the generation of a focused laser sheet at the middle
of the interacting zone. This sheet is introduced by the
air exit section of the main branch. Some tracers (oil

particles) are introduced in the lower homogenization .

tank, so that the flow coming from this tank appears
as white on the views. The density of tracers is adjust-
able as a function of the air-flow rate. Data acquisition
is performed by means of a C.C.D. video camera.
Figures 24-27 present views of the flow structure in
the interacting zone, as function of the angle o and
the Reynolds number (Re = 100 and Re = 500), with
K =1 for all cases. When a = 30° (Fig. 24) and
o = 45° (Fig. 25), the two flows remain separated and
there is no recirculating zone in the exit branch. Two
recirculating zones appear on the upper and lower
walls of the exit branch for « = 60° (Fig. 26) and
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o = 90° (Fig. 27). The size of these zones is larger as
the angle « and the Reynolds number increase. It is
noticed that the upper recirculating zone appears as
white on the views, which means that the air moving
in it contains tracers and that it comes from the lower
entrance branch. This is a consequence of lateral wall
effects in the mixing region: it has been verified that
the flow at the middle of the mixing zone is not dis-
turbed by this phenomenon. It is also seen that, for
o = 90° and for high Reynolds numbers (Fig. 27b),
two vortices are created on the left wall : these vortices
are symmetrical about the X direction. On the other
hand, the vortices do not exist when the Reynolds
number is low because, as seen from Fig. 27a, the air
coming from the lower entrance ducts grows along
the left wall before exiting. This flow structure is a
mixed convection regime one, according with the
numerical results of the previous paragraph. This
regime is induced by the heating of the wall due to the
laser sheet. The mixed convective flow is also observed
for o = 60° (Fig. 26a), but it does not occur for
o = 45° and o = 30°, because the laser sheet is more
and more reflected as the angle « decreases, which
leads to a decreasing of the wall heating.

5.2. Velocity measurements

The same experimental bench was used in order
to perform velocity measurements by means of the
L.D.V. technique and so to provide a quantitative
comparison with theory. Measures were made at sev-
eral sections (X = 2 and X = 5) of the exit branch for
several values of the angle « and the Reynolds number
Re. Comparisons of these results with the numerical
results are reported on Figs. 28-30. Figures 28 and 29
show the velocity profile for low values of « (30° and
45°) and Re = 500. For X = 2, the shape of the profile
exhibits the two recirculating zones and the dis-
crepancy between theoretical and experimental results
is no more than 10%. The viscous effects seem to be
over estimated in the numerical model and conse-
quently the length of the mixing zone is slightly higher
as compared to experiments. For X = 5, the flow is
again fully developed and the discrepancy between
theory and experiments is lower. For higher values of
the angle o (60° and 90°), the comparison is also
very good, as shown on Fig. 30 which presents the
experimental and theoretical velocity profiles for
X = 5 and Re = 100.

6. CONCLUSION

In this paper, we have presented a numerical study,
visualizations and experimental velocity profiles of the
forced and mixed laminar convection regimes in a
branching system with mixing flow, the fluid being
extracted through the main branch. The mixed con-
vection regime is induced by heating the walls of the
mixing zone. The theoretical analysis shows the effects
of the angle between the two branches of the junction
and the air-flow rate upon the structure flow. For the
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Fi16. 17. Mixed convection case (case ii) : streamlines and isotherms for Ri = 20, « = 30°, Re = 500, K = 1.
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F1G. 18. Mixed convection case (case ii) : streamlines and isotherms for Ri = 20, « = 45°, Re = 500, K = 1.
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F1G. 19. Mixed convection case (case ii) : streamlines and isotherms for Ri = 20, « = 60°, Re = 500, K = 1.
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FiG. 20. Mixed convection case (case ii) : streamlines and isotherms for Ri = 20,0 = 90°, Re = 500, K = 1.
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FiG. 21. Mixed convection case (case ii): Nuy/Nu, ratio as function of X for Ri = § and 20, a = 60°,
Re = 100 and 500, K = 1.
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Fi1G. 23. Experimental apparatus for flow visualizations.

FIG. 24. Flow structure for x = 30” and Re = 100 (a) and Re = 500 (b).

F1G. 25. Flow structure for o = 45 and Re = 100 (a) and Re = 500 (b).
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Fi1G. 26. Flow structure for « = 60° and Re = 100 (a) and Re = 500 (b).
FiG. 27. Flow structure for « = 90° and Re = 100 (a) and Re = 500 (b).
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FiG. 28. Comparison between theory and L.D.V. measure-  FiG. 29. Comparison between theory and L.D.V. measure-
ments for & = 30° and Re = 500, X = 2 and X = 3. ments for « = 45° and Re = 500, X = 2and X = 5.
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F16. 30. Comparison between theory and L.D.V. measure-
ments for « = 60° and 90°, X = 5 and Re = 500.

pure forced convection case, these two parameters
highly affect the size of recirculating zones which
develop downstream of the interacting region. For the
mixed convection regime, the effect of the Richardson
number has also been pointed out. An experimental
procedure based upon flow visualization and L.D.V.
techniques provides a qualitative and quantitative
comparison with the theoretical results. Experimental
results confirm the calculated structure flow con-
figurations for both forced and mixed convection
regimes.
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